In this article, one kind of the dynamical system which has a near saddle point is investigated. An equivalent condition for the existence of intertwined attractors of the planar dynamical systems and the related results are given. MSC: 34C35; 54H20
Introduction
In the investigation of the stability of dynamical systems, one of very important topics is to determine the topological structure of the basin of attraction for an attractor (see [-] and [] ). For a nonlinear dynamical system, it is an interesting phenomenon to have intertwined attraction basins. It is a problem related to determine the geometrical structure of basins for variant attractors when the dynamical system happens to have multiple attractors. The investigations of basin boundary of attraction began by Birkhoff [] . If it happens that different basins of attraction have mutual boundaries, the basin boundaries can be more complicated (see [, ] ). In [] , the authors discuss the Wada property of basins of attraction. The lakes of Wada continuum can be a common basin boundary for three attracting fixed points. A more complex case is Handel's construction in [] , which shows that extremely complicated sets (pseudocircle, a pathological set that is hereditarily indecomposable) can be the co-frontier of disjoint basins. Later, some examples with intermingled basins were established in [] for discrete dynamical systems. As to a dynamical system given by a vector field, the situation could also be intricate. For example, in [] , the author gives a definition of intertwined basins of attractors. Then in [] , the authors introduce a new general definition of intertwined basins of attraction, and present the condition of existence of smoothly intertwined basins, and in this case, there exist inaccessible points on the basin boundary. Along the mutual boundary of intertwined basins, variant basins of attraction become narrower and narrower, meanwhile they intertwine together. So, to some extent, it leads to the sensitive dependence on initial conditions, which is the central assumption in the investigation of chaos. For the case of planar flows, the situation is simpler. Recently, several authors discussed the property of intertwined basins of attraction (see [-, , ]). Those definitions of intertwined basins were used to characterize a kind of intertwined attractors. That is, a saddle point connecting two distinct attractors played an important role in occurrence of intertwined basins of attraction that they investigated. In the plane systems, the authors only studied the systems which http://www.advancesindifferenceequations.com/content/2013/1/265 had a saddle point O and two attractors A  and A  . To our best knowledge, we do not find the intertwining phenomenon of other dynamical systems that have been investigated. We shall introduce the definition of near saddle point, consider one kind of dynamical system which has a near saddle point, investigate the intertwining phenomenon of this kind of dynamical system, and give some conditions to guarantee the existence of intertwined attractors of the dynamical systems on the plane and get some related results. We give a plane graph to characterize the intertwining property of basins of attraction of the dynamical systems. The example in [] is a special case of the dynamical system that we investigate.
The novelty of this paper is to study the intertwined attractor basins of the system which has a near saddle point connecting two distinct attractors. The rest of the paper is organized as follows. In Section , we fix some notations and definitions. In Section , we give the main results about intertwining phenomenon, and present an equivalent condition for existence of intertwined attractors of the dynamical systems.
Preliminaries
In this section, first of all, we recall some basic notions. Let X be a two-dimensional Euclidean space with a metric d, on which there is a flow π : X × R → X defined by the vector fieldẋ
Where V (x) is continuous, and assume that solutions of arbitrary initial value problems are unique. For A ⊂ X and I ⊂ R, we denote AI = {π(p, t)|p ∈ A, t ∈ I} for brevity, in particular, Definition . The ω-limit set ω(p) (or positive limit set ω(p)) of p (or of the orbit pR) is defined to be the set t≥ p[t, +∞), equivalently q ∈ ω(p) means that there is a sequence {t n } with t n → +∞ such that pt n → q as n → +∞.
Similarly, we define the α-limit set α(p) (or negative limit set α(p)) of p by reversing the direction of time.
Definition . If A (⊂ X) is an attractor, its basin of attraction B(A) is defined to be the set of initial points
is the ordinary metric on the space X, and, with no confusion, we also use it for the distance between a point and a set. Definition . The point p is said to be a near saddle point if there exist at least two orbits xt and yt, whose negative limit sets α(x) and α(y) are the single point set {p}, beside the curve xt ∪ yt ∪ {p}, there respectively exist at least two orbits x i t, y i t, i = , , whose positive limit sets ω(x i ) and ω(y i ) also are {p}. Remark Easy examples show that the local disconnectedness of B at p ∈ ∂B does not imply that p is inaccessible from B, e.g., B is the region surrounded by the Warsaw circle. Conversely, if p is inaccessible from B, then B ∩ N(p, ε) has an infinite number of components for a small ε > .
has an intertwining property at a point p ∈ n i= ∂B i , provided: () p is inaccessible from {B i } n i= ; () for each arc ς in {B i } n i= from p to a point x ∈ B i for some i ∈ {, , . . . , n}, then ς ∩ B j = ∅ holds for every j ∈ {, , . . . , n}.
Remark . We note that from the definition above, beside p, the basins B(A  ) and B(A  ) approach to p alternately, meanwhile they become narrower and narrower. By the continuity of dependence on initial conditions, we can say that the basins B(A  ) and B(A  ) intertwine together beside p. In [, , ] and [], the existence of a saddle point with its two branches of unstable manifold approaching different attractors plays an essential http://www.advancesindifferenceequations.com/content/2013/1/265 role in occurrence of intertwined basins of attraction. In the next section, we study the phenomenon of intertwining attractors of a new kind of dynamical system.
Main results
To be simpler, in this section, we consider that the flow π defined by system (. Proof First of all, let X * = X ∪ {∞} denote the one-point compactification of X. Then we extend the dynamical system π on X to a dynamical system π * on X * , where π * is
given by π * (x, t) = π(x, t) for x ∈ X, t ∈ R, and π * (∞, t) = ∞ for all t ∈ R. Hence the neg- n= such that qt n ∈ B(p  , δ) and qt n ∈ B(p  , δ). Now, choose a sequence {τ n } (t n < τ n < t n ) such that qτ n in ∂B(p  , δ). By the compactness of B(p  , δ), ∂B(p  , δ) is compact, so {qτ n } has a convergence subsequence {qτ n } whose convergence point in ∂B(p  , δ). That is, there exists a point in α(q) ∩ ∂B(p  , δ), which is a contradiction. Hence there exists an arc S containing in some connected component of α(q), and S ⊂ ∂(B(A  ) ∪ B(A  )). Now, we arbitrarily choose one arc ς with one end point p ∈ S and the other end point q  t  ∈ B(A  ) (t  = t  (ς) < ). Hence by the continuous dependence on initial conditions, we can assert that all the orbits cross ς in the same direction beside the point p when ς is sufficiently small. Then the negative semiorbit q  R -crosses ς successively at {t i } 
